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Sym,,: finite symmetric group of rank n.
Recall normalized Hamming distance which is a bi-invariant metric on Sym,;:

(o) = 1900 # 00

Srivatsav K E jug: n universal st Feb 2024



Sym,,: finite symmetric group of rank n.
Recall normalized Hamming distance which is a bi-invariant metric on Sym,;:

oo, ) = W7 200 # 0

A sequence of maps o,: G — Sym,, is said to be an approximate homomorphism if for all
g,h € G we have

Nim_da(0n(gh), on(g)on(h)) = 0.
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Sym,,: finite symmetric group of rank n.
Recall normalized Hamming distance which is a bi-invariant metric on Sym,;:

(o) = 1900 # 00

A sequence of maps o,: G — Sym,, is said to be an approximate homomorphism if for all
g,h € G we have

Nim_da(0n(gh), on(g)on(h)) = 0.

A sequence of maps 0,: G — Sym,, is said to be a sofic approximation if (¢,)s is an
approximate homomorphism and for all g € G \ {e} we have

nILrgo dn(on(g),1,) = 1.

Definition
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Sym,,: finite symmetric group of rank n.
Recall normalized Hamming distance which is a bi-invariant metric on Sym,;:

(o) = 1900 # 00

A sequence of maps o,: G — Sym,, is said to be an approximate homomorphism if for all
g,h € G we have

Nim_da(0n(gh), on(g)on(h)) = 0.

A sequence of maps 0,: G — Sym,, is said to be a sofic approximation if (¢,)s is an
approximate homomorphism and for all g € G \ {e} we have

nll[go d"(an(g)a 1") =1

Definition

For the results in Section 3 we will need the notion of ultraproducts of groups with
bi-invariant metrics. Let w be a free ultrafilter on N. Let (G,, d,) be countable groups
with bi-invariant metrics. Denote by

_ {(gn)nEN}
H (Gn, dn) = {(gn)|limp—w dn(gn, 16,) = 0}.

n—w
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Let w € B(N) \ N be a non principal ultrafilter on N. Denote by S :=[]
We call S a universal sofic group.

(Sym,, d»).

n—w
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Let w € B(N) \ N be a non principal ultrafilter on N. Denote by S :=TJ,_, (Sym,, d,).
We call S a universal sofic group.

Denote by x the trace on S, given by x((pn)n—sw) =1 — limp_se dn(1, pn).

Definition

Say that G is sofic if it admits a sofic approximation, equivalently, there exists an
injective homomorphism 7 : G — S such that x(7(g)) = Jg—e.
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A group is initially subamenable if for all F C G finite, there is an amenable group H and
an injective map ¢: F — H so that ¢(xy) = ¢(x)¢(y) for all pairs (x,y) € F x F with
the property that xy € F (i.e. ¢ is a homomorphism “when it makes sense to be").
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A group is initially subamenable if for all F C G finite, there is an amenable group H and
an injective map ¢: F — H so that ¢(xy) = ¢(x)é(y) for all pairs (x,y) € F x F with
the property that xy € F (i.e. ¢ is a homomorphism “when it makes sense to be").

Equivalently, a group G is initially subamenable if it is the limit of a sequence of
amenable groups in the space of marked groups. This is a large family of sofic groups
containing all residually finite groups. Gromov asked if all sofic groups are initially
subamenable and this was answered in the negative by Cornulier.

Two sofic embedddings 71, m of G into a universal sofic group S are automorphically
conjugate if there is an automorphism ® € Aut(S) so that ® oy = m. We say that G
satisfies the generalized Elek-Szabo property if any two sofic embeddings 71, 2 of G into
a universal sofic group S are automorphically conjugate.
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A group is initially subamenable if for all F C G finite, there is an amenable group H and
an injective map ¢: F — H so that ¢(xy) = ¢(x)¢(y) for all pairs (x,y) € F x F with
the property that xy € F (i.e. ¢ is a homomorphism “when it makes sense to be").

Equivalently, a group G is initially subamenable if it is the limit of a sequence of
amenable groups in the space of marked groups. This is a large family of sofic groups
containing all residually finite groups. Gromov asked if all sofic groups are initially
subamenable and this was answered in the negative by Cornulier.

Two sofic embedddings 71, m of G into a universal sofic group S are automorphically
conjugate if there is an automorphism ® € Aut(S) so that ® oy = m. We say that G
satisfies the generalized Elek-Szabo property if any two sofic embeddings 71, m of G into
a universal sofic group S are automorphically conjugate.

Theorem (Hayes-KE '23)

Let G be an initially subamenable group. Then G is amenable iff any two sofic
embeddings 71, 72 of G into a universal sofic group S are automorphically conjugate.
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